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  ABSTRACT 

Relevance. The evaluation of reliability characteristics of fault-tolerant multiprocessor systems is an important task, 

particularly during their analysis and design. GL-models of system failure behavior can be used for this purpose. For systems with 
inter-subsystem redundancy, such models should take into account the possibility of using the processors of a donor subsystem both 
when the subsystem remains operational and after it loses operability. Existing approaches do not provide a complete representation 
of these operating modes. Purpose. To develop a generalized method for constructing GL-models of the failure behavior of fault-
tolerant multiprocessor systems with inter-subsystem redundancy. Objective. To formalize the principles of constructing GL-models 
of a donor subsystem taking into account different modes of processor utilization, to develop an algorithm implementing the 
proposed method, and to perform experimental verification of the correctness of the constructed models. Methods. The study 
employs the GL-model formalism, methods for constructing basic and auxiliary GL-models, the formation of extended state vectors, 

and the analysis of graph connectivity. Scientific novelty. A generalized method for constructing GL-models of fault-tolerant 
multiprocessor systems with inter-subsystem utilization of reserve processors is proposed. Unlike existing approaches, the proposed 
method takes into account the possibility of using the processors of a donor subsystem both when it remains operational and after it 
loses operability, when its operational processors may still be used to support other subsystems. Practical significance. The proposed 
method can be used for constructing GL-models of complex fault-tolerant multiprocessor systems and for the subsequent evaluation 
of their reliability characteristics. Results. A method and an algorithm for constructing GL-models of systems with inter-subsystem 
redundancy have been developed. The proposed approach is based on constructing auxiliary models that describe the sets of reserve 
and operational processors of a donor subsystem and on forming extended state vectors for constructing GL-models of recipient 

subsystems. Representative examples are considered for systems with limitations on the number of reserve resources and for systems 
employing sliding redundancy. Experimental studies confirmed the correctness of the constructed models. It is shown that the 
complexity of the edge-function expressions of the resulting GL-models is comparable to that of the corresponding basic models with 
equivalent fault-tolerance parameters. Conclusions. The proposed method provides a formal representation of inter-subsystem 
redundancy within GL-models and can be integrated with other approaches to constructing failure-behavior models of fault-tolerant 
multiprocessor systems. The experimental results confirm the correctness of the proposed method and demonstrate the feasibility of 
its application in the analysis and design of complex fault-tolerant multiprocessor systems. 

Keywords: Fault-tolerant multiprocessor systems; GL-models; inter-subsystem redundancy; reliability analysis; failure 

behavior; reserve resources 
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INTRODUCTION 

Modern technical systems (TS) are typically 

characterized by a high complexity of the processes  
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implemented within them and require correct and 

reliable control. Assigning this function entirely or 

predominantly to a human operator is undesirable 
for several reasons, including the need to minimize 

the influence of the human factor and to reduce the 

workload associated with performing monotonous 
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and routine operations. In this regard, in modern TS 
the control functions are usually assigned to a 

specialized system – the control system (CS). The 

CS collects information from various sensors, 
processes the obtained data according to a specified 

algorithm, and generates control signals for the 

actuating units of the TS [1], [2], [3]. 

A failure of the control system may lead to 
incorrect operation of the technical system as a 

whole, which is unacceptable in view of the 

requirements for its safe and reliable operation. This 
is particularly relevant for critical application 

systems (CAS), whose failure may cause significant 

material losses and pose a threat to human life and 

health [4], [5], [6]. In this regard, increased 
requirements for reliability and fault tolerance are 

imposed on the control systems of such technical 

systems [7], [8], [9], [10]. 
In addition, it should be noted that the control 

of complex technical systems, most of which belong 

to critical application systems, often requires 
significant computational resources. The 

implementation of control systems for such TS 

based on fault-tolerant multiprocessor systems 

(FTMS), which contain a large number of processors 
(in some cases dozens or even hundreds) and, due to 

the use of various types of redundancy, are capable 

of continuing failure-free operation in the event of 
failures of individual components, makes it possible 

to simultaneously solve two key tasks. On the one 

hand, this ensures the achievement of the required 
level of computational performance, and on the 

other hand, it guarantees the necessary level of 

reliability through the implementation of fault-

tolerance mechanisms. 
During the design of fault-tolerant 

multiprocessor control systems, the problem of 

evaluating the reliability parameters of the 
corresponding system inevitably arises. This is 

necessary, in particular, to confirm its compliance 

with the specified requirements and to identify 

bottlenecks and potential directions for its 
improvement. Given the architectural complexity 

and the large scale of some fault-tolerant 

multiprocessor systems used in control applications, 
the task of such evaluation is considerably 

challenging. 

LITERATURE REVIEW 

The evaluation of reliability parameters of fault-

tolerant multiprocessor systems can be carried out 

using various approaches, which can be divided into 

two main groups [11]. The first group includes 

methods based on the construction of analytical 
expressions that allow the required reliability 

indicators of the system to be calculated directly 

[12], [13], [14], [15]. The advantage of such 
methods is the possibility of obtaining exact values 

of reliability parameters for systems with a specified 

structure and known characteristics of their 

elements. At the same time, their disadvantage lies 
in their limited universality: for systems with a new 

or complex structure, there is often a need to 

develop specialized computational procedures. In 
addition, combining different analytical approaches 

with each other is usually complicated. 

The second group includes methods based on 

conducting statistical experiments with models of 
the failure behavior of fault-tolerant multiprocessor 

systems. Such approaches are characterized by 

relative universality, since they can be applied to 
systems of arbitrary structure provided that an 

appropriate model of their behavior is available [16], 

[17], [18]. At the same time, the evaluation of 
reliability parameters in this case has a statistical 

nature and is performed with limited accuracy, 

which is determined, in particular, by the number of 

experiments conducted. 
As models of the failure behavior of fault-

tolerant multiprocessor systems, it is advisable to 

use GL-models [18]. Such a model is represented as 
an undirected graph in which each edge corresponds 

to a certain Boolean edge function. The arguments 

of these functions are the elements of the system 
state vector – a Boolean vector in which each 

component corresponds to the state of an individual 

processor: 1 indicates that the processor is 

operational, and 0 indicates that the processor has 
failed. Thus, each state vector corresponds to a 

specific combination of states of all processors in the 

system. If the edge function for a given state vector 
takes the value 0, the corresponding edge is 

considered absent in the graph. The connectivity of 

the model graph for a given state vector corresponds 

to the operable state of the system, whereas the loss 
of connectivity indicates its failure. 

For systems composed of several subsystems, 

the overall state vector is formed by concatenating 
the subvectors corresponding to each subsystem, 

where each subvector represents the states of 

processors within the corresponding subsystem. 
For the evaluation of reliability parameters, sets 

of system state vectors are generated. In the general 

case, these vectors may be obtained randomly, and 

the accuracy of the estimates depends on the number 
of experiments (i.e., the number of generated 
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vectors). For maximum accuracy, exhaustive 
enumeration of all possible state vectors can be used. 

At the same time, more efficient estimation can be 

achieved by employing specialized pseudo-random 
generators that provide improved coverage of the 

state space for a fixed number of experiments [18]. 

Among fault-tolerant multiprocessor systems, it 

is reasonable to distinguish a separate class – basic 
systems, whose state in the failure behavior is 

determined exclusively by the number of operational 

processors. A basic fault-tolerant multiprocessor 
system containing n processors and remaining 

operable provided that no more than m of them have 

failed, as well as the corresponding GL-model, will 

be denoted as K(m, n). Such systems are also known 
as k-out-of-n systems [19], [20]. In particular, it can 

be shown that the system K(m, n) is equivalent to an  

(m + 1)-out-of-n:G system (with respect to the 
operability condition) and to an (n – m)-out-of-n:F 

system (with respect to the failure condition). 

Systems whose failure behavior cannot be 
reduced to a dependence solely on the number of 

operational processors belong to the class of non-

basic systems. For such systems, situations are 

possible in which, for the same number of failures, 
some combinations of failed processors lead to the 

preservation of operability, whereas others result in 

system failure. This class includes, in particular, 

consecutive-𝑘-out-of-𝑛 [12], [13], [21], [22], [23], 

[24] consecutive-𝑘𝑐-out-of-n [25], [26], consecutive-

𝑘𝑟-out-of-𝑛𝑟 [27], consecutive-(𝑘, 𝑙)-out-of-𝑛 [28], 

(𝑟, 𝑠)-out-of-(𝑚, 𝑛) [29], [30], [31], consecutive-𝑘-

out-of-𝑟-from-𝑛 [32], [33], consecutive-𝑘-within-𝑚-

out-of-𝑛 [34], [35], 𝑚-consecutive-𝑘-out-of-𝑛 [25], 

[26], [36], [37] 𝑚-consecutive-𝑘,𝑙-out-of-𝑛 [38], 

[39], (𝑛, 𝑓, 𝑘) [40], [41], [42] ⟨𝑛, 𝑓, 𝑘⟩ [41], [42], 
[43] as well as systems with more complex 

structures of dependencies among elements [44]. 

Known methods for constructing GL-models 
are primarily oriented toward basic fault-tolerant 

multiprocessor systems. For non-basic systems, the 

construction of models is usually performed by 
modifying the corresponding auxiliary basic models 

[44]. 

A GL-model of a basic fault-tolerant 

multiprocessor system can be constructed, in 
particular, using the method described in [44]. The 

model K(m, n), where n ≥ 1 and 1 ≤ m ≤ n, 

constructed according to this method, is based on a 
cycle graph with φ(n, m) edges,  

where 

 𝜑(𝑛, 𝑚) = 𝑛 − 𝑚 + 1. (1) 

In addition, one of the properties of such 
models is that for any state vector containing l zero 

components, the model loses ψ(m, l) edges, where 

 𝜓(𝑚, 𝑙) = {
0, 𝑙 < 𝑚,

𝑙 − 𝑚 + 1, 𝑙 ≥ 𝑚.
 (2) 

Such GL-models are called MLE-models 

(Minimum Lost Edges), since for state vectors with 

m + 1 zero components they lose the minimum 

number of edges whose removal leads to a loss of 
connectivity of the graph (namely, two edges). 

The construction of the expressions of the edge 

functions of an MLE-model is performed recursively 
based on the expressions of the edge functions of 

auxiliary MLE-models of smaller dimension. The 

system state vector is divided into two non-empty 
subvectors of sizes n1 and n2, where n1 + n2 = n, 

which are used as input vectors for the 

corresponding auxiliary models. In the general case, 

the values of n1 and n2 may be arbitrary; however, in 
practice the division is usually performed into two 

equal or nearly equal parts. 

The set of edge functions of the model K(m, n) 
is formed as the union of three subsets: 

1) the set of edge functions of the auxiliary 

MLE-model K1(m, n1) provided that n1 ≥ m; 
2) the set of functions of the form 

𝑓 = ⋀ 𝑓1

𝑓1∈𝐹1

∨ ⋀ 𝑓2

𝑓1∈𝐹2

, 

where F1 is the set of edge functions of the auxiliary 

MLE-model K1(m – i, n1), F2 is the set of edge 
functions of the auxiliary MLE-model K2(i, n2), 

i = a, a + 1, …, b, a = max(1, m – n1),  

b = min(m – 1, n2), provided that m ≥ 2; 
3) the set of edge functions of the auxiliary 

MLE-model K2(m, n2) provided that n2 ≥ m. 

The recursive construction process continues 

until the boundary level of recursion is reached – 
models of type K(1, 1), which contain a single edge 

function of the form f = xi, where xi is the 

corresponding component of the system state vector. 
The described approach is effective for 

constructing GL-models of basic systems. At the 

same time, the problem of constructing GL-models 

for non-basic fault-tolerant multiprocessor systems, 
in particular those whose failure behavior is 

determined by more complex combinations of 

processor states, requires separate consideration. 

PROBLEM STATEMENT 

An important class of fault-tolerant 

multiprocessor systems consists of systems 
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composed of several subsystems [44]. Such systems 
generally belong to the class of non-basic systems, 

although some of their subsystems may operate as 

basic ones. In a number of cases, such fault-tolerant 
multiprocessor systems are resilient not only to 

failures of individual processors but also to failures 

of entire subsystems. In addition, in order to 

improve reliability characteristics, the system may 
be organized so that, in the presence of redundant 

resources, one subsystem supports the operability of 

another, in particular by partially taking over its 
functions and acting as a donor for the recipient 

subsystem. 

In [44], a method for constructing GL-models 

for systems in which subsystems interact in a donor-
recipient mode is proposed. Within this approach, it 

is assumed that the donor subsystem always remains 

operable, which limits the applicability of the 
method. 

However, in some fault-tolerant multiprocessor 

systems the possibility of failure of the donor 
subsystem is allowed. In this case, even after the loss 

of its operability, the subsystem may still contain 

operational processors that can be used to maintain 

or restore the operability of the recipient subsystem. 
Existing methods for constructing GL-models do not 

take into account this feature of the functioning of 

the donor subsystem. 
Thus, the problem arises of developing a GL-

model capable of correctly representing the behavior 

of the donor subsystem in the general case, namely: 
the use of its redundant resources when operability 

is preserved and the use of all its operational 

processors when it fails. 

RESEARCH AIM AND OBJECTIVES 

The aim of this work is to develop a method for 

constructing GL-models of fault-tolerant 

multiprocessor systems with inter-subsystem 
redundancy, including donor subsystems, taking into 

account the possibility of using their processors both 

when operability is preserved (with the involvement 

of redundant resources) and when the subsystem 
fails (with the use of all processors that remain 

operational). 

The developed model can be used as a 
component of more general GL-models, in particular 

in a manner similar to the donor subsystem model 

described in [44], or for forming the state vector of 
sliding redundancy processors. 

To achieve the stated aim, the following 

objectives are formulated in this work: 

1) to formalize the principles for constructing a 
GL-model of a donor subsystem, taking into account 

the possibility of using its processors both when 

operability is preserved and when a failure occurs; 
2) to develop an algorithm for implementing the 

proposed method; 

3) to carry out experimental verification of the 

correctness of the GL-models constructed according 
to the developed method. 

METHOD FOR CONSTRUCTING A  

GL-MODEL FOR DONOR-SUBSYSTEM 

A system composed of several subsystems is 

considered. One of them will hereafter be referred to 

as the donor subsystem. When necessary, it can 

provide the resources of its processors that are not 
used for executing its own tasks in order to restore 

or maintain the operability of other recipient 

subsystems. 
Let the donor subsystem contain nd processors 

and be tolerant to the failure of no more than md of 

them. Its failure behavior is described by the GL-
model K(md, nd). Such a model may be implemented 

as an MLE-model or as a basic GL-model 

constructed by other methods. 

Let 𝜅d ∈ {0,1} denote a Boolean variable 
determined by the specified GL-model that 

represents the state of the donor subsystem: κd = 1 

corresponds to its operable state, whereas κd = 0 
corresponds to the failure state. 

Let ld denote the number of zero components in 

the state vector of the donor subsystem. If ld ≤ md 

(i.e., the donor subsystem is in an operable state), 
the resources of its redundant processors may be 

used to maintain or restore the operability of the 

recipient subsystems. In [44], it is shown that the 
number of such processors can be determined using 

the dual model K*(nd – md + 1, nd), obtained from the 

MLE-model K(nd – md + 1, nd) by replacing its edge 
functions with their dual ones. This model will be 

denoted as Rd(md, nd). 

Let rd denote the Boolean vector of the values 

of the edge functions of the model Rd(md, nd) for a 
given state vector. Then the number of ones in the 

vector rd is equal to the number of redundant 

processors of the donor subsystem. 
If ld ≥ md + 1, the subsystem enters a failure 

state; however, its operational (orphan) processors 

may also be used to support other recipient 

subsystems. To determine them, let us introduce the 
MLE-model K(md + 1, nd), which will be denoted as 

Od(md, nd). According to (1), this model contains 

nd – md edges. According to (2), for state vectors 
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with ld ≥ md + 1 zero components, the model loses 
ld – md edges; that is, exactly this number of its edge 

functions takes the value zero. Thus, the number of 

edge functions that have the value 1 is equal to 

(𝑛d − 𝑚d) − (𝑙d − 𝑚d) = 𝑛d − 𝑙d, 

which is equal to the number of operational orphan 

processors of the donor subsystem. 

Let od denote the corresponding Boolean vector 
of the values of the edge functions of the model 

Od(md, nd). Then the number of ones in od is equal to 

the number of orphan processors. 
Let us construct a Boolean vector whose unit 

components correspond to the processors of the 

donor subsystem available for use in maintaining or 

restoring the operability of the recipient subsystems. 
Obviously, when the donor subsystem remains 

operable, the number of such processors is equal to 

the number of redundant processors, whereas in the 
case of its failure it is equal to the number of orphan 

processors. 

Let 𝐫d = (𝑔1 , … , 𝑔𝑘r
) denote the vector of the 

values of the edge functions of the model Rd(md, nd), 

and 𝐨d = (ℎ1, … , ℎ𝑘o
) the vector of the values of the 

edge functions of the model Od(md, nd), where kr and 

ko are the numbers of edge functions in the 

corresponding models. Let k = max(kr, ko).  

Construct the vectors 𝐫 = (𝑟1, 𝑟2, … , 𝑟𝑘) and  

𝐨 = (𝑜1, 𝑜2, … , 𝑜𝑘) by extending the vectors rd and 

od to length k with zero components, that is: 

𝑟𝑖 = {
𝑔𝑖 , 1 ≤ 𝑖 ≤ 𝑘r,
0, 𝑘r < 𝑖 ≤ 𝑘,

 

𝑜𝑖 = {
ℎ𝑖 , 1 ≤ 𝑖 ≤ 𝑘o,
0, 𝑘o < 𝑖 ≤ 𝑘.

 

Since the extension is performed using zero 
components, the number of ones in the vectors r and 

rd, as well as in o and od, coincides. 

Let us define the vector 𝐯 = (𝑣1, … , 𝑣𝑘), whose 

components are given by the relation 

𝑣𝑖 = 𝜅d𝑟𝑖 ∨ 𝜅̅d𝑜𝑖, 𝑖 = 1, … , 𝑘. 

Then 

𝐯 = {
𝐫, 𝜅d = 1,
𝐨, 𝜅d = 0.

 

That is, if κd = 1, the number of ones in v is 

equal to the number of redundant processors, 

whereas if κd = 0, it is equal to the number of orphan 

processors. Thus, the number of ones in v is equal to 

the number of processors of the donor subsystem 

available for maintaining or restoring the operability 

of the recipient subsystems. 

Note. If κd = 0 (i.e., ld ≥ md + 1 and the donor 

subsystem is in a failure state), then for the model 

Rd(md, nd) all edge functions take the value zero: 

gi = 0 for all i = 1, 2, …, kr. Accordingly, ri = 0 for 

all i = 1, 2, ,…, k, and the expression for the 

components of the vector v can be simplified to 

𝑣𝑖 = 𝑟𝑖 ∨ 𝜅̅d𝑜𝑖 , 𝑖 = 1, … , 𝑘. 

Proof. The model Rd(md, nd) is defined as the 

dual of the MLE-model 𝐾(𝑚d
∗ , 𝑛𝑑), where  

𝑚d
∗ = 𝑛d − 𝑚d + 1. Let xd be the state vector of the 

donor subsystem with ld zero components, and  

𝐲d = 𝐱d
∗  be its bitwise complement. Then the 

number of zero components 𝑙d
∗  in yd is equal to the 

number of ones in xd, that is, 𝑙d
∗ = 𝑛d − 𝑙d. If 

ld ≥ md + 1, then 𝑙d
∗ = 𝑛d − 𝑙d ≤ 𝑛d − (𝑚d + 1) = 

= 𝑛d − 𝑚d − 1. Moreover, it is obvious that  

𝑛d − 𝑚d − 1 < 𝑛d − 𝑚d + 1 = 𝑚d
∗ . Thus, for the 

MLE-model 𝐾(𝑚d
∗ , 𝑛𝑑) on the vector yd the 

condition 𝑙d
∗ < 𝑚d

∗  holds, and according to (2) it 

does not lose any edge; none of the edge functions 

takes the value zero, that is, fi(yd) = 1 for all i. 

By the definition of duality of edge functions, 

we have 𝑓𝑖
∗(𝐱d) = 𝑓𝑖̅(𝐱d

∗ ) = 𝑓𝑖̅(𝐲d). Therefore, from 

fi(yd) = 1it follows that 𝑓𝑖
∗(𝐱d) = 0 for all i. ∎ 

It should be noted that the number of processors 

of the donor subsystem that can be used to maintain 

or restore the operability of the recipient subsystems 

may be additionally limited by a specified value h. 

In [44], it is proved that to implement such a 

limitation it is sufficient to construct an auxiliary 

GL-model L(h, t), where t is the number of 

components of the vector v. As the model L, an 

MLE-model of the form K(t – h + 1, t) is used. The 

vector v, formed at the previous stage, is supplied as 

the input to the model L(h, t). Let 𝐯′ denote the 

vector of the values of its edge functions. Then the 

number of ones in 𝐯′ is equal to the number of 

processors available for use taking into account the 

limitation h. 

Thus, the vector v (or 𝐯′ when the limitation h 

is introduced) formalizes the set of processors of the 

donor subsystem available for use by other 

subsystems. Subsequently, this vector is used to 

construct GL-models of the recipient subsystems. 

In particular, as shown in [44], in the case of a 

single recipient subsystem containing nr processors 

and tolerant to the failure of no more than mr of 

them, the corresponding GL-model can be specified 

as a basic model (in particular, an MLE-model) of 
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the form Kr(mr + t, nr + t), where t is the number of 

components of the vector v. The input vector for this 

model is an extended state vector formed by 

concatenating the state vector of the recipient 

subsystem (i.e., the corresponding subset of 

components of the overall system state vector) and 

the vector v. 

If there are several recipient subsystems and the 

resources of the donor subsystem are used according 

to the principle of sliding redundancy, the other one 

method can be applied. According to this approach, 

a set of N recipient subsystems is considered, each 

of which contains nj processors and is tolerant to the 

failure of no more than mj of them, where 

j = 1, 2, …, N. For each subsystem, an auxiliary 

MLE-model of the form Kj(mj + 1, nj) is constructed. 

Based on the values of the edge functions of these 

models, Boolean vectors vj are formed that represent 

the number of failed processors requiring 

compensation. 

Next, by concatenating the vectors vj, 

j = 1, 2, …,N, and the vector v (which corresponds 

to the state of the sliding redundancy processors), a 

combined Boolean vector of length s is formed. This 

vector is used as the input for a basic GL-model of 

the form K(t, s), where t is the number of sliding 

redundancy processors, i.e., the length of the vector 

v. The model constructed in this way represents the 

condition of simultaneous operability of all recipient 

subsystems. 

Thus, the proposed approach is not limited to 

the construction of a GL-model of the donor 

subsystem. In addition to this model, the method 

involves the construction of auxiliary GL-models 

that describe the sets of redundant and operational 

(orphan) processors, as well as the formation of 

extended state vectors based on their outputs. These 

vectors serve as input data for constructing GL-

models of recipient subsystems or systems with 

sliding redundancy. Therefore, the proposed method 

defines a unified framework for constructing a class 

of interrelated GL-models that together represent the 

failure behavior of the overall system. 

ALGORITHM FOR CONSTRUCTING A  

GL-MODEL FOR DONOR-SUBSYSTEM 

Based on the proposed method, the following 
algorithm for constructing a GL-model of the donor 

subsystem can be formulated. 

1. Construction of the donor subsystem state 
model. Construct the basic GL-model Kd(md, nd) that 

describes the failure behavior of the donor 

subsystem. Denote the Boolean result (the 

subsystem state) determined by this model as  
𝜅d ∈ {0,1}. 

2. Construction of the model for redundant 

processors. Construct the auxiliary GL-model 

Rd(md, nd) corresponding to the case where the donor 
subsystem remains operable and used to determine 

the redundant processors. As Rd(md, nd), use the dual 

model of the form K*(nd – md + 1, nd). Compute the 
vector of the values of its edge functions 

𝐫d = (𝑔1 , … , 𝑔𝑘r
). 

3. Construction of the model for orphan 
processors. Construct the auxiliary GL-model 

Od(md, nd) corresponding to the case of failure of the 

donor subsystem and used to determine the orphan 

processors. As Od(md, nd), use the MLE-model of the 
form K(md + 1, nd). Compute the vector of the values 

of its edge functions 𝐨d = (ℎ1, … , ℎ𝑘o
). 

4. Formation of the vector of available 

processors. Let k = max(kr, ko). Extend the vectors 
rd and od with zero components to length k, 

obtaining 𝐫 = (𝑟1, … , 𝑟𝑘) and 𝐨 = (𝑜1, … , 𝑜𝑘). Form 

the vector 𝐯 = (𝑣1, … , 𝑣𝑘) using the formula  

𝑣𝑖 = 𝜅d𝑟𝑖 ∨ 𝜅̅𝑑𝑜𝑖, i = 1, 2, …, k, where ri and oi are 
the corresponding values of the edge functions of the 

models Rd and Od (extended with zeros where 

necessary). Note. Since ri = 0 when κd = 0 for all 
i = 1, 2, …, kr, as proved in the previous section, the 

formula can be simplified to 𝑣𝑖 = 𝑟𝑖 ∨ 𝜅̅𝑑𝑜𝑖. 

5. (Optional) Limiting the number of 

available processors. If it is necessary to limit the 
number of available processors to the value h, 

construct the auxiliary GL-model L(h, k) as an MLE-

model of the form K(k – h + 1, k). Provide the vector 
v as the input to the model L(h, k) and form the 

vector 𝐯′ from the values of its edge functions. Use 

𝐯′ instead of v. 

6. Further use of the result. Use the vector v 

(or 𝐯′) to construct the GL-model of the recipient 

subsystem according to [44] or to form the state 

vector of the sliding redundancy processors. 

EXAMPLES AND EXPERIMENTAL RESULTS 

Example 1. As an example, consider a system 

consisting of two subsystems, hereafter referred to 

as Subsystem 1 and Subsystem 2. Subsystem 1 
contains n1 = 6 processors and is tolerant to the 

failure of no more than m1 = 2 of them. Subsystem 2 

contains n2 = 8 processors and is tolerant to the 
failure of no more than m2 = 3 processors (Fig. 1). It 

is assumed that the resources of Subsystem 2 can be 

used to maintain or restore the operability of 
Subsystem 1: when Subsystem 2 remains operable – 

through its redundant processors, and in the case of 
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its failure – through its operational orphan 
processors. Thus, Subsystem 2 acts as the donor, 

whereas Subsystem 1 is the recipient subsystem. 

Next, the corresponding GL-models of the failure 
behavior of both subsystems will be constructed. 

The elements of the state vector corresponding 

to the processors of Subsystem 1 will be denoted as 

𝑥1
1 , 𝑥2

1 , … , 𝑥6
1 , and the elements corresponding to the 

processors of Subsystem 2 as 𝑥1
2 , 𝑥2

2 , … , 𝑥8
2. 

 
Fig. 1. FTMS from Example 1 

Source: compiled by the authors 

First, let us construct the MLE-model K2(3, 8), 

which describes the failure behavior of Subsystem 2. 

Since n2 = 8 and m2 = 3, this model is constructed on 

a cycle graph with n2 – m2 + 1 = 6 edges (Fig. 2). Its 
edge functions have the form: 

𝑓1
2 = 𝑥1

2 ∨ 𝑥2
2 ∨ 𝑥3

2𝑥4
2;  

𝑓2
2 = 𝑥1

2𝑥2
2 ∨ 𝑥3

2 ∨ 𝑥4
2;  

𝑓3
2 = (𝑥1

2 ∨ 𝑥2
2)(𝑥1

2𝑥2
2 ∨ 𝑥3

2𝑥4
2)(𝑥3

2 ∨ 𝑥4
2) ∨  

∨ 𝑥5
2𝑥6

2𝑥7
2𝑥8

2 ;  
𝑓4

2 = 𝑥1
2𝑥2

2𝑥3
2𝑥4

2 ∨  

∨ (𝑥5
2 ∨ 𝑥6

2)(𝑥5
2𝑥6

2 ∨ 𝑥7
2𝑥8

2)(𝑥7
2 ∨ 𝑥8

2);  

𝑓5
2 = 𝑥5

2 ∨ 𝑥6
2 ∨ 𝑥7

2𝑥8
2;  

𝑓6
2 = 𝑥5

2𝑥6
2 ∨ 𝑥7

2 ∨ 𝑥8
2 .  

The Boolean result obtained using the GL-

model K2(3, 8), i.e., the state of Subsystem 2, will be 

denoted as 𝜅2 ∈ {0,1}. 
Next, let us construct a GL-model for 

representing the redundant processors of 

Subsystem 2 in the case where it remains operable. 
According to the described method, this model 

R2(3, 8) is defined as the dual of the MLE-model 

K(n2 – m2 + 1, n2) = K(6, 8). That is, 
R2(3, 8) = K*(6, 8). It is based on a cycle graph with 

8 – 6 + 1 = 3 edges (Fig. 2), and its edge functions 

have the form: 

𝑔1 = 𝑥1
2𝑥2

2𝑥3
2𝑥4

2 ∧  

∧ (𝑥5
2𝑥6

2 ∨ (𝑥5
2 ∨ 𝑥6

2)(𝑥7
2 ∨ 𝑥8

2) ∨ 𝑥7
2𝑥8

2);  

𝑔2 = (𝑥1
2𝑥2

2(𝑥3
2 ∨ 𝑥4

2) ∨ (𝑥1
2 ∨ 𝑥2

2)𝑥3
2𝑥4

2) ∧  

∧ (𝑥5
2𝑥6

2(𝑥7
2 ∨ 𝑥8

2) ∨ (𝑥5
2 ∨ 𝑥6

2)𝑥7
2𝑥8

2);  

𝑔3 = (𝑥1
2𝑥2

2 ∨ (𝑥1
2 ∨ 𝑥2

2)(𝑥3
2 ∨ 𝑥4

2) ∨ 𝑥3
2𝑥4

2) ∧  

∧ 𝑥5
2𝑥6

2𝑥7
2𝑥8

2 .  
Next, let us construct a GL-model for 

representing the orphan processors of Subsystem 2 in 
the case of its failure. According to the proposed 

approach, this model is defined as the basic MLE-

model of the form O2(3, 8) = K(m2 + 1, n2) = K(4, 8). 

It is based on a cycle graph with 8 – 4 + 1 = 5 edges 
(Fig. 2), and its edge functions have the form: 

 
Fig. 2. GL-model of FTMS from Example 1 

Source: compiled by the authors 
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ℎ1 = 𝑥1
2 ∨ 𝑥2

2 ∨ 𝑥3
2 ∨ 𝑥4

2;  
ℎ2 = (𝑥1

2 ∨ 𝑥2
2 ∨ 𝑥3

2𝑥4
2)(𝑥1

2𝑥2
2 ∨ 𝑥3

2 ∨ 𝑥4
2) ∨  

∨ 𝑥5
2𝑥6

2𝑥7
2𝑥8

2 ;  
ℎ3 = (𝑥1

2 ∨ 𝑥2
2)(𝑥1

2𝑥2
2 ∨ 𝑥3

2𝑥4
2)(𝑥3

2 ∨ 𝑥4
2) ∨  

∨ (𝑥5
2 ∨ 𝑥6

2)(𝑥5
2𝑥6

2 ∨ 𝑥7
2𝑥8

2)(𝑥7
2 ∨ 𝑥8

2);  

ℎ4 = 𝑥1
2𝑥2

2𝑥3
2𝑥4

2 ∨  

∨ (𝑥5
2 ∨ 𝑥6

2 ∨ 𝑥7
2𝑥8

2)(𝑥5
2𝑥6

2 ∨ 𝑥7
2 ∨ 𝑥8

2);  

ℎ5 = 𝑥5
2 ∨ 𝑥6

2 ∨ 𝑥7
2 ∨ 𝑥8

2 .  
Let us calculate the values of the components of 

the state vector of the reserve processors of 
Subsystem 2. Since the numbers of edge functions in 
the models R2(3, 8) and O2(3, 8) are different, let us 
take k = max(kr, ko) = max(3, 5) = 5 and extend the 
shorter vector with zero components. Taking into 
account the note proved above (for κ2 = 0 we have 
gi = 0 for all i), the components of the vector  
𝐯 = (𝑣1, … , 𝑣𝑘) are calculated using the simplified 
formula 

𝑣𝑖 = 𝑔𝑖 ∨ 𝜅̅2ℎ𝑖 , 𝑖 = 1, … , 𝑘. 

In this example, k = 5; therefore: 

𝑣1 = 𝑔1 ∨ 𝜅̅2ℎ1;  
𝑣2 = 𝑔2 ∨ 𝜅̅2ℎ2;  
𝑣3 = 𝑔3 ∨ 𝜅̅2ℎ3;  
𝑣4 = 𝜅̅2ℎ4;  
𝑣5 = 𝜅̅2ℎ5.  

At the final stage, let us form the extended 
input vector for the GL-model of Subsystem 1 [44], 

which has the form 𝐰 = (𝑥1
1 , … , 𝑥6

1 , 𝑣1, … , 𝑣5). 
Since n1 = 6, m1 = 2, and t = 5 (the number of 
components of the vector v), the corresponding basic 
GL-model is defined as 
K1(m1 + t, n1 + t) = K1(7, 11). As the base model, we 
use the MLE-model. According to (1), it is 
constructed on a cycle graph with 11 – 7 + 1 = 5 
edges (Fig. 2) and has the following edge functions: 

𝑓1
1 = 𝑥1

1 ∨ 𝑥2
1 ∨ 𝑥3

1 ∨ 𝑥4
1 ∨ 𝑥5

1 ∨ 𝑥6
1 ∨  

∨ 𝑣1𝑣2𝑣3𝑣4𝑣5;  

𝑓2
1 = (𝑥1

1 ∨ 𝑥2
1 ∨ 𝑥3

1 ∨ (𝑥4
1 ∨ 𝑥5

1)(𝑥4
1𝑥5

1 ∨ 𝑥6
1)) ∧  

∧ ((𝑥1
1 ∨ 𝑥2

1)(𝑥1
1𝑥2

1 ∨ 𝑥3
1) ∨ 𝑥4

1 ∨ 𝑥5
1 ∨ 𝑥6

1) ∨  

∨ (𝑣1 ∨ 𝑣2)(𝑣1𝑣2 ∨ 𝑣3)(𝑣1𝑣2𝑣3 ∨ 𝑣4𝑣5) ∧  
∧ (𝑣4 ∨ 𝑣5);  
𝑓3

1 = (𝑥1
1 ∨ 𝑥2

1 ∨ 𝑥3
1 ∨ 𝑥4

1𝑥5
1𝑥6

1) ∧  

∧ ((𝑥1
1 ∨ 𝑥2

1)(𝑥1
1𝑥2

1 ∨ 𝑥3
1) ∨  

∨ (𝑥4
1 ∨ 𝑥5

1)(𝑥4
1𝑥5

1 ∨ 𝑥6
1)) ∧  

∧ (𝑥1
1𝑥2

1𝑥3
1 ∨ 𝑥4

1 ∨ 𝑥5
1 ∨ 𝑥6

1) ∨ (𝑣1 ∨ 𝑣2 ∨ 𝑣3) ∧  

∧ ((𝑣1 ∨ 𝑣2)(𝑣1𝑣2 ∨ 𝑣3) ∨ 𝑣4𝑣5) ∧  

∧ (𝑣1𝑣2𝑣3 ∨ 𝑣4 ∨ 𝑣5);  
𝑓4

1 = (𝑥1
1 ∨ 𝑥2

1 ∨ 𝑥3
1) ∧  

∧ ((𝑥1
1 ∨ 𝑥2

1)(𝑥1
1𝑥2

1 ∨ 𝑥3
1) ∨ 𝑥4

1𝑥5
1𝑥6

1) ∧  

∧ (𝑥1
1𝑥2

1𝑥3
1 ∨ (𝑥4

1 ∨ 𝑥5
1)(𝑥4

1𝑥5
1 ∨ 𝑥6

1)) ∧  

∧ (𝑥4
1 ∨ 𝑥5

1 ∨ 𝑥6
1) ∨ (𝑣1 ∨ 𝑣2 ∨ 𝑣3 ∨ 𝑣4𝑣5) ∧  

∧ ((𝑣1 ∨ 𝑣2)(𝑣1𝑣2 ∨ 𝑣3) ∨ 𝑣4 ∨ 𝑣5);  
𝑓5

1 = (𝑥1
1 ∨ 𝑥2

1)(𝑥1
1𝑥2

1 ∨ 𝑥3
1)(𝑥1

1𝑥2
1𝑥3

1 ∨ 𝑥4
1𝑥5

1𝑥6
1) ∧  

∧ (𝑥4
1 ∨ 𝑥5

1)(𝑥4
1𝑥5

1 ∨ 𝑥6
1) ∨ 𝑣1 ∨ 𝑣2 ∨ 𝑣3 ∨ 𝑣4 ∨ 𝑣5.  

Thus, the considered example demonstrates the 
application of the proposed method for constructing 
a GL-model of a system with a donor subsystem and 
a recipient subsystem. The constructed vector v 
makes it possible to formally account for the 
processors of Subsystem 2 that are available to 
maintain the operability of Subsystem 1, while the 
extended model K1(7, 11) integrates these resources 
into the overall model of its failure behavior. 

Example 2. As noted above, the number of 
reserve processors used to maintain or restore the 
operability of other subsystems may be additionally 
limited. Let us consider the pair of subsystems from 
Example 1 under the condition that no more than 
h = 4 processors of Subsystem 2 can participate in 
restoring the operability of Subsystem 1 (Fig. 3). 

 
Fig. 3. FTMS from Example 2 

Source: compiled by the authors 

In this case, the GL-models K2(3, 8), R2(3, 8), 
and O2(3, 8), as well as the formulas for the 
components of the vector v1, …, v5, coincide with 
the corresponding models and formulas presented in 
Example 1. To implement the limitation on the 
number of reserve processors, let us construct the 
auxiliary GL-model L(h, t) = L(4, 5), which 
corresponds to the basic MLE-model  
K(t – h + 1, t) = K(5 – 4 + 1, 5) = K(2, 5). According 
to (1), this model is constructed on a cycle graph 
with 5 – 2 + 1 = 4 edges (Fig. 4) and has the 
following edge functions: 

𝑒1 = 𝑣1 ∨ 𝑣2;  
𝑒2 = 𝑣1𝑣2 ∨ 𝑣3;  
𝑒3 = 𝑣1𝑣2𝑣3 ∨ 𝑣4𝑣5;  
𝑒4 = 𝑣4 ∨ 𝑣5.  

Then the extended input vector for the GL-
model of Subsystem 1 has the form  

𝐰 = (𝑥1
1 , … , 𝑥6

1 , 𝑒1, … , 𝑒4). Since n1 = 6, m1 = 2, and 
h = 4, the corresponding MLE-model is defined as 
K1(m1 + h, n1 + h) = K1(6, 10). According to (1), this 
model is constructed on a cycle graph with  
10 – 6 + 1 = 5 edges (Fig. 4) and has the following 
edge functions: 
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Fig. 4. GL-model of FTMS from Example 2 
Source: compiled by the authors 

𝑓1
1 = 𝑥1

1 ∨ 𝑥2
1 ∨ 𝑥3

1 ∨ 𝑥4
1 ∨ 𝑥5

1 ∨ 𝑥6
1𝑒1𝑒2𝑒3𝑒4;  

𝑓2
1 = (𝑥1

1 ∨ 𝑥2
1 ∨ 𝑥3

1 ∨ 𝑥4
1𝑥5

1) ∧  

∧ ((𝑥1
1 ∨ 𝑥2

1)(𝑥1
1𝑥2

1 ∨ 𝑥3
1) ∨ 𝑥4

1 ∨ 𝑥5
1) ∨  

∨ (𝑥6
1 ∨ 𝑒1)(𝑥6

1𝑒1 ∨ 𝑒2)(𝑥6
1𝑒1𝑒2 ∨ 𝑒3𝑒4)(𝑒3 ∨ 𝑒4);  

𝑓3
1 = (𝑥1

1 ∨ 𝑥2
1 ∨ 𝑥3

1) ∧  

∧ ((𝑥1
1 ∨ 𝑥2

1)(𝑥1
1𝑥2

1 ∨ 𝑥3
1) ∨ 𝑥4

1𝑥5
1) ∧  

∧ (𝑥1
1𝑥2

1𝑥3
1 ∨ 𝑥4

1 ∨ 𝑥5
1) ∨ (𝑥6

1 ∨ 𝑒1 ∨ 𝑒2) ∧  

∧ ((𝑥6
1 ∨ 𝑒1)(𝑥6

1𝑒1 ∨ 𝑒2) ∨ 𝑒3𝑒4) ∧  

∧ (𝑥6
1𝑒1𝑒2 ∨ 𝑒3 ∨ 𝑒4);  

𝑓4
1 = (𝑥1

1 ∨ 𝑥2
1)(𝑥1

1𝑥2
1 ∨ 𝑥3

1)(𝑥1
1𝑥2

1𝑥3
1 ∨ 𝑥4

1𝑥5
1) ∧  

∧ (𝑥4
1 ∨ 𝑥5

1) ∨ (𝑥6
1 ∨ 𝑒1 ∨ 𝑒2 ∨ 𝑒3𝑒4) ∧  

∧ ((𝑥6
1 ∨ 𝑒1)(𝑥6

1𝑒1 ∨ 𝑒2) ∨ 𝑒3 ∨ 𝑒4) ;  

𝑓5
1 = 𝑥1

1𝑥2
1𝑥3

1𝑥4
1𝑥5

1 ∨ 𝑥6
1 ∨ 𝑒1 ∨ 𝑒2 ∨ 𝑒3 ∨ 𝑒4.  

Thus, the example illustrates the use of the 

auxiliary GL-model L(h, t) to introduce the 
limitation h and the corresponding construction of 

the extended GL-model of the recipient subsystem. 

Example 3. Consider a system consisting of 
four subsystems (Fig. 5). Subsystem 1 contains 

n1 = 8 processors and is tolerant to the failure of no 

more than m1 = 3 of them. Subsystem 2 contains 

n2 = 7 processors and is tolerant to the failure of no 
more than m2 = 2 of them. Subsystem 3 contains 

n3 = 7 processors and is tolerant to the failure of no 

more than m3 = 3 of them. Subsystem 4 contains 

n4 = 5 processors and is tolerant to the failure of no 

more than m4 = 2 of them. 

 
Fig. 5. FTMS from Example 3 

Source: compiled by the authors 

It is assumed that Subsystem 4 acts as the donor 

for Subsystems 1-3: when it remains operable, its 
redundant processors may be used, and in the case 

of its failure, its operational orphan processors may 

be used. The use of donor resources is organized 
according to the principle of sliding redundancy. It is 

required to construct a GL-model that represents the 
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failure behavior of Subsystems 1-3 taking into 
account the sliding redundancy of Subsystem 4. 

The elements of the system state vector 

corresponding to the processors of Subsystem 1 will 

be denoted as 𝑥1
1 , … , 𝑥8

1; those corresponding to the 

processors of Subsystem 2 as 𝑥1
2 , … , 𝑥7

2; those 

corresponding to the processors of Subsystem 3 as 

𝑥1
3 , … , 𝑥7

3; and those corresponding to the processors 

of Subsystem 4 as 𝑥1
4 , … , 𝑥5

4. 

First, let us construct the MLE-model K4(2, 5) 

for Subsystem 4. According to (1), it is based on a 

cycle graph with 5 – 2 + 1 = 4 edges (Fig. 6) and has 

the following edge functions: 

𝑓1
4 = 𝑥1

4 ∨ 𝑥2
4;  

𝑓2
4 = 𝑥1

4𝑥2
4 ∨ 𝑥3

4 ;  
𝑓3

4 = 𝑥1
4𝑥2

4𝑥3
4 ∨ 𝑥4

4𝑥5
4;  

𝑓4
4 = 𝑥4

4 ∨ 𝑥5
4 .  

The Boolean result (the state of Subsystem 4) 

determined using the model K4(2, 5) will be denoted 

as 𝜅4 ∈ {0,1}. 
Next, let us construct the model R4(2, 5) for 

representing the redundant processors of 

Subsystem 4 in the case where it remains operable. 

According to the described method, this model is 

defined as the dual of the MLE-model K(4, 5), that 
is, R4(2, 5) = K*(4, 5). The model is based on a cycle 

graph with 5 – 4 + 1 = 2 edges (Fig. 6) and has the 

following edge functions: 

𝑔1 = 𝑥1
4𝑥2

4𝑥3
4(𝑥4

4 ∨ 𝑥5
4);  

𝑔2 = (𝑥1
4𝑥2

4 ∨ (𝑥1
4 ∨ 𝑥2

4)𝑥3
4)𝑥4

4𝑥5
4 .  

Let us also construct the model O4(2, 5) for 

representing the operational orphan processors of 

Subsystem 4 in the case of its failure. According to 

the described approach, this model is defined as the 
basic MLE-model of the form K(3, 5). It is based on 

a cycle graph with 5 – 3 + 1 = 3 edges (Fig. 6) and 

has the following edge functions: 

ℎ1 = 𝑥1
4 ∨ 𝑥2

4 ∨ 𝑥3
4;  

ℎ2 = (𝑥1
4 ∨ 𝑥2

4)(𝑥1
4𝑥2

4 ∨ 𝑥3
4) ∨ 𝑥4

4𝑥5
4;  

ℎ3 = 𝑥1
4𝑥2

4𝑥3
4 ∨ 𝑥4

4 ∨ 𝑥5
4 .  

Now let us determine the values of the 

components of the state vector of the sliding 

redundancy processors 𝐯 = (𝑣1, 𝑣2, 𝑣3), taking into 

account that k = max(kr, ko) = max(2, 3) = 3. Since 

kr = 2 < k, we set g3 = 0. We obtain: 

𝑣1 = 𝑔1 ∨ 𝜅̅4ℎ1;  
𝑣2 = 𝑔2 ∨ 𝜅̅4ℎ2;  
𝑣3 = 𝜅̅4ℎ3.  

 

 
Fig. 6. GL-model of FTMS from Example 3 

Source: compiled by the authors 
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Next for the recipient subsystems 
(Subsystems 1-3) let us construct auxiliary MLE-

models of the form 𝐾𝑖
′(𝑚𝑖 + 1, 𝑛𝑖). The values of 

their edge functions will be used to form Boolean 

vectors characterizing the need of each subsystem 
for failure compensation through sliding 

redundancy. 

Subsystem 1. Since n1 = 8 and m1 = 3, the 

corresponding auxiliary MLE-model has the form 

𝐾1
′(4,8). According to (1), it is based on a cycle 

graph with 8 – 4 + 1 = 5 edges (Fig. 6) and has the 

following edge functions: 

𝑓1
1 = 𝑥1

1 ∨ 𝑥2
1 ∨ 𝑥3

1 ∨ 𝑥4
1 ;  

𝑓2
1 = (𝑥1

1 ∨ 𝑥2
1 ∨ 𝑥3

1𝑥4
1)(𝑥1

1𝑥2
1 ∨ 𝑥3

1 ∨ 𝑥4
1) ∨  

∨ 𝑥5
1𝑥6

1𝑥7
1𝑥8

1;  
𝑓3

1 = (𝑥1
1 ∨ 𝑥2

1)(𝑥1
1𝑥2

1 ∨ 𝑥3
1𝑥4

1)(𝑥3
1 ∨ 𝑥4

1) ∨  

∨ (𝑥5
1 ∨ 𝑥6

1)(𝑥5
1𝑥6

1 ∨ 𝑥7
1𝑥8

1)(𝑥7
1 ∨ 𝑥8

1);  
𝑓4

1 = 𝑥1
1𝑥2

1𝑥3
1𝑥4

1 ∨  

∨ (𝑥5
1 ∨ 𝑥6

1 ∨ 𝑥7
1𝑥8

1)(𝑥5
1𝑥6

1 ∨ 𝑥7
1 ∨ 𝑥8

1);   
𝑓5

1 = 𝑥5
1 ∨ 𝑥6

1 ∨ 𝑥7
1 ∨ 𝑥8

1 .  
Subsystem 2. Since n2 = 7 and m2 = 2, the 

corresponding auxiliary MLE-model has the form 

𝐾2
′(3,7). It is based on a cycle graph with  

7 – 3 + 1 = 5 edges (Fig. 6) and has the following 

edge functions: 
 

𝑓1
2 = 𝑥1

2 ∨ 𝑥2
2 ∨ 𝑥3

2𝑥4
2;  

𝑓2
2 = 𝑥1

2𝑥2
2 ∨ 𝑥3

2 ∨ 𝑥4
2;  

𝑓3
2 = (𝑥1

2 ∨ 𝑥2
2)(𝑥1

2𝑥2
2 ∨ 𝑥3

2𝑥4
2)(𝑥3

2 ∨ 𝑥4
2) ∨ 𝑥5

2𝑥6
2𝑥7

2;  

𝑓4
2 = 𝑥1

2𝑥2
2𝑥3

2𝑥4
2 ∨ (𝑥5

2 ∨ 𝑥6
2)(𝑥5

2𝑥6
2 ∨ 𝑥7

2);  

𝑓5
2 = 𝑥5

2 ∨ 𝑥6
2 ∨ 𝑥7

2 .  
Subsystem 3. Since n3 = 7 and m3 = 3, the 

corresponding auxiliary MLE-model has the form 

𝐾3
′(4,7). It is based on a cycle graph with  

7 – 4 + 1 = 4 edges (Fig. 6) and has the following 
edge functions: 

𝑓1
3 = 𝑥1

3 ∨ 𝑥2
3 ∨ 𝑥3

3 ∨ 𝑥4
3;  

𝑓2
3 = (𝑥1

3 ∨ 𝑥2
3 ∨ 𝑥3

3𝑥4
3)(𝑥1

3𝑥2
3 ∨ 𝑥3

3 ∨ 𝑥4
3) ∨  

∨ 𝑥5
3𝑥6

3𝑥7
3;  

𝑓3
3 = (𝑥1

3 ∨ 𝑥2
3)(𝑥1

3𝑥2
3 ∨ 𝑥3

3𝑥4
3)(𝑥3

3 ∨ 𝑥4
3) ∨  

∨ (𝑥5
3 ∨ 𝑥6

3)(𝑥5
3𝑥6

3 ∨ 𝑥7
3);  

𝑓4
3 = 𝑥1

3𝑥2
3𝑥3

3𝑥4
3 ∨ 𝑥5

3 ∨ 𝑥6
3 ∨ 𝑥7

3 .  
Let us form the Boolean vector 𝐰 = 

= (𝑓1
1 , … , 𝑓5

1 , 𝑓1
2 , … , 𝑓5

2 , 𝑓1
3 , … , 𝑓4

3 , 𝑣1, 𝑣2, 𝑣3), which 

consists of the values of the edge functions of the 

auxiliary models 𝐾1
′(4,8), 𝐾2

′(3,7), 𝐾3
′(4,7), and the 

components of the vector v, which represents the 
states of the sliding redundancy processors. 

Next, let us construct the basic MLE-model 

K(3, 17), which corresponds to the condition of 
simultaneous operability of Subsystems 1-3 taking 

into account the sliding redundancy of Subsystem 4. 

According to (1), this model is based on a cycle 
graph with 17 – 3 + 1 = 15 edges (Fig. 6) and has the 

following edge functions: 

𝑓1 = 𝑓1
1 ∨ 𝑓2

1 ∨ 𝑓3
1;  

𝑓2 = (𝑓1
1 ∨ 𝑓2

1)(𝑓1
1𝑓2

1 ∨ 𝑓3
1) ∨ 𝑓4

1𝑓5
1;  

𝑓3 = 𝑓1
1𝑓2

1𝑓3
1 ∨ 𝑓4

1 ∨ 𝑓5
1;  

𝑓4 = (𝑓1
1 ∨ 𝑓2

1)(𝑓1
1𝑓2

1 ∨ 𝑓3
1)(𝑓1

1𝑓2
1𝑓3

1 ∨ 𝑓4
1𝑓5

1) ∧  

∧ (𝑓4
1 ∨ 𝑓5

1) ∨ 𝑓1
2𝑓2

2𝑓3
2𝑓4

2;  
𝑓5 = 𝑓1

1𝑓2
1𝑓3

1𝑓4
1𝑓5

1 ∨ (𝑓1
2 ∨ 𝑓2

2)(𝑓1
2𝑓2

2 ∨ 𝑓3
2𝑓4

2) ∧  

∧ (𝑓3
2 ∨ 𝑓4

2);  
𝑓6 = 𝑓1

2 ∨ 𝑓2
2 ∨ 𝑓3

2𝑓4
2;  

𝑓7 = 𝑓1
2𝑓2

2 ∨ 𝑓3
2 ∨ 𝑓4

2;  
𝑓8 = (𝑓1

1 ∨ 𝑓2
1)(𝑓1

1𝑓2
1 ∨ 𝑓3

1)(𝑓1
1𝑓2

1𝑓3
1 ∨ 𝑓4

1𝑓5
1) ∧  

∧ (𝑓4
1 ∨ 𝑓5

1)(𝑓1
1𝑓2

1𝑓3
1𝑓4

1𝑓5
1 ∨ 𝑓1

2𝑓2
2𝑓3

2𝑓4
2)(𝑓1

2 ∨ 𝑓2
2) ∧  

∧ (𝑓1
2𝑓2

2 ∨ 𝑓3
2𝑓4

2)(𝑓3
2 ∨ 𝑓4

2) ∨ 𝑓5
2𝑓1

3𝑓2
3𝑓3

3𝑓4
3𝑣1𝑣2𝑣3;  

𝑓9 = 𝑓1
1𝑓2

1𝑓3
1𝑓4

1𝑓5
1𝑓1

2𝑓2
2𝑓3

2𝑓4
2 ∨ (𝑓5

2 ∨ 𝑓1
3) ∧  

∧ (𝑓5
2𝑓1

3 ∨ 𝑓2
3𝑓3

3)(𝑓2
3 ∨ 𝑓3

3) ∧  

∧ (𝑓5
2𝑓1

3𝑓2
3𝑓3

3 ∨ 𝑓4
3𝑣1𝑣2𝑣3)(𝑓4

3 ∨ 𝑣1) ∧  

∧ (𝑓4
3𝑣1 ∨ 𝑣2𝑣3)(𝑣2 ∨ 𝑣3);  

𝑓10 = 𝑓5
2 ∨ 𝑓1

3 ∨ 𝑓2
3𝑓3

3;  
𝑓11 = 𝑓5

2𝑓1
3 ∨ 𝑓2

3 ∨ 𝑓3
3;  

𝑓12 = (𝑓5
2 ∨ 𝑓1

3)(𝑓5
2𝑓1

3 ∨ 𝑓2
3𝑓3

3)(𝑓2
3 ∨ 𝑓3

3) ∨  

∨ 𝑓4
3𝑣1𝑣2𝑣3;  

𝑓13 = 𝑓5
2𝑓1

3𝑓2
3𝑓3

3 ∨  

∨ (𝑓4
3 ∨ 𝑣1)(𝑓4

3𝑣1 ∨ 𝑣2𝑣3)(𝑣2 ∨ 𝑣3);  
𝑓14 = 𝑓4

3 ∨ 𝑣1 ∨ 𝑣2𝑣3;  
𝑓15 = 𝑓4

3𝑣1 ∨ 𝑣2 ∨ 𝑣3.  
Thus, the example illustrates the construction of 

a GL-model for a system with multiple recipient 

subsystems and sliding redundancy, where the state 

of the donor subsystem and the need of the 
subsystems for failure compensation are integrated 

into a single model K(3, 17). 

DISCUSSION OF RESULTS 

To validate the correctness of the proposed 

method, a series of computational experiments were 

conducted using the GL-models constructed in the 

presented examples, as well as other models 
obtained for systems with different parameters 

(including variations in the number of processors, 

fault-tolerance levels, and configurations of inter-
subsystem redundancy). 

For each generated state vector, the output of 

the corresponding GL-model (i.e., the connectivity 

of the model graph) was compared with the expected 
operability state of the system, determined 

independently based on its formal definition. This 

comparison made it possible to verify the 
correctness of the constructed models over a wide 

range of input conditions. 
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The experiments were implemented 

programmatically, allowing automated evaluation 

over large sets of state vectors, including both 

randomly generated vectors and, in some cases, 

exhaustive enumeration of all possible states. The 

obtained results confirmed that the GL-models 

constructed using the proposed method correctly 

represent the failure behavior of the considered 

systems. 

As an illustration of the described experimental 

procedure, let us consider the system from 

Example 1. Suppose that the 2nd, 3rd, and 5th 

processors of Subsystem 1, as well as the 2nd and 7th 

processors of Subsystem 2, have failed. Then the 

system state vector has the form 

x = 10010110111101. 

In this situation, since m1 = 2, Subsystem 1 

lacks one processor to restore operability. At the 

same time, since m2 = 3, Subsystem 2 remains 

operable and contains one redundant processor. 

Thus, Subsystem 2 can act as a donor by providing 

the resources of one of its processors to Subsystem 1, 

which acts as the recipient subsystem, and this is 

sufficient to restore its operability. 

Now let us consider the behavior of the 

constructed GL-models for this vector. All edge 

functions of the model K2(3, 8) take the value one; 

therefore, κ2 = 1. Among the edge functions of the 

model R2(3, 8), only the function g2 takes the value 

one. At the same time, in the model O2(3, 8) all edge 

functions take the value one. 

Thus, v = 01000. The corresponding extended 

vector has the form w = 10010101000. For this 

vector, in the model K1(7, 11) all edge functions 

except 𝑓4
1 take the value one. At the same time, the 

graph of the model remains connected, which 

corresponds to the operable state of Subsystem 1. 

If the system state vector has the form 

x = 01100000101100, that is, only the 2nd and 3rd 

processors of Subsystem 1 and the 3rd, 5th, and 6th 

processors of Subsystem 2 remain operational, then 

Subsystem 1 requires two additional processors to 

restore operability. At the same time, Subsystem 2 is 

failed, but it contains three orphan processors that 

can be used to restore the operability of Subsystem 1. 

For the specified vector x, three edge functions 

of the model K2(3, 8) take the value zero, namely 𝑓1
2, 

𝑓3
2, and 𝑓4

2. Accordingly, κ2 = 0. All edge functions 

of the model R2(3, 8) also take the value zero, which 

is consistent with the statement proved above. In the 

model O2(3, 8), two edge functions – h2 and h3 – 

take the value zero. 

Thus, v = 10011, and w = 01100010011. For 

this vector, in the model K1(7, 11) all edge functions 

take the value one, and the graph of this model 

remains connected, which, as expected, corresponds 

to the operable state of Subsystem 1. 

Finally, let us consider the case where in 

Subsystem 1 the 1st, 2nd, 4th, and 6th processors are 

failed, and in Subsystem 2 the 2nd and 8th processors 

are failed; that is, the system state vector has the 

form x = 00101010111110. In this case, Subsystem 1 

requires two processors to restore operability, 

whereas Subsystem 2 remains operable and contains 

only one redundant processor, which is insufficient 

to restore the operability of Subsystem 1. 

For this vector x, all edge functions of the 

model K2(3, 8) take the value one; its graph remains 

connected, and therefore κ2 = 1. Among the edge 

functions of the model R2(3, 8), only the function g2 

takes the value one. At the same time, all edge 

functions of the model O2(3, 8) also take the value 

one. 

Thus, v = 01000, and w = 00101001000. For 

this vector, two edge functions of the model 

K1(7, 11), namely 𝑓3
1 and 𝑓4

1, take the value zero. As 

a result, the cycle graph of this model loses 

connectivity, which corresponds to the failure of 

Subsystem 1. 

The considered scenarios show that the 

constructed GL-models correctly represent the 

behavior of the system under different combinations 

of processor failures. In particular, the models 

adequately account for the use of both the redundant 

processors of the donor subsystem when it remains 

operable and the orphan processors when it fails, as 

well as situations in which the available resources 

are insufficient to compensate for the failures of the 

recipient subsystem. The obtained results are 

consistent with the expected logic of system 

operation and confirm the applicability of the 

proposed approach for modeling fault-tolerant 

multiprocessor systems with inter-subsystem 

redundancy. In addition, the results obtained using 

the GL-models correspond to analytical estimates of 

the number of failures that can be compensated by 

the resources of the donor subsystem. 

It is also advisable to compare the complexity 
of the expressions of the edge functions of the GL-

models obtained using the proposed method with 

those of GL-models constructed by known methods. 

As noted above, previously developed methods did 
not cover cases of fault-tolerant multiprocessor 

systems with such complex behavior. Therefore, for 
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comparison, we use a certain basic GL-model, 
without considering that, according to known 

methods, it would subsequently require additional 

modification. Such modifications typically increase 
the complexity of the corresponding model. 

Thus, in Example 1 and Example 2, the two 

subsystems together contain n = n1 + n2 = 6 + 8 = 14 

processors and, in the best case, are tolerant to the 
failure of m = m₁ + m₂ = 2 + 3 = 5 of them. 

Therefore, the MLE-model K(m, n) = K(5, 14) can 

be considered as the basic model. 
Table 1 presents a comparison of the 

complexity of the expressions of the edge functions 

of the GL-models constructed in Example 1 and 

Example 2, as well as the basic MLE-model 
K(5, 14). As can be seen from the table, the 

complexity of the GL-models constructed using the 

method proposed in this work is at least comparable 
with the complexity of the corresponding basic 

MLE-model (which, according to previously known 

approaches, would still require further modification). 
This indicates that the proposed method makes it 

possible to describe complex schemes of inter-

subsystem redundancy without a significant increase 

in the complexity of the GL-model. 

Table 1. Number of logical operations in the edge-

function expressions of the GL-models for 

Examples 1, 2 and basic GL-model K(5, 14) 

Model Disj. Conj. Inv. Binary 

ops. 

Total 

ops. 

Example 1 124 124 5 248 253 

Example 2 109 114 5 223 228 

Basic 
K(5, 14) 

110 128 0 238 238 

Source: compiled by the authors 

CONCLUSIONS 

The paper proposes a generalized method and 

algorithm for constructing GL-models for fault-

tolerant multiprocessor systems containing donor 
and recipient subsystems. Unlike previously 

proposed methods, this approach takes into account 

the possibility of using the processors of the donor 

subsystem both when it remains operable and when 
it fails. 

The proposed approach can be used as a basis 

for constructing GL-models for fault-tolerant 
multiprocessor systems with complex behavior and 

can be combined with other known approaches to 

constructing GL-models. In particular, the 

possibility of combining it with the approach that 
allows modeling fault-tolerant multiprocessor 

systems employing sliding redundancy is 

demonstrated. 
Experiments have been conducted and 

examples have been presented that further confirm 

the correctness of the GL-models constructed using 
the proposed method. It is also shown that the 

complexity of the expressions of the edge functions 

of these models is comparable to the complexity of 

the expressions of the edge functions of the 
corresponding basic model, which would 

subsequently require additional modification. 

The paper considers subsystems whose 
behavior corresponds to that of basic systems. At the 

same time, the proposed approach opens up 

possibilities for modeling subsystems with more 
complex failure behavior. This constitutes one of the 

promising directions for further research. 

Another promising direction for further 

research is the search for ways to optimize the 
computation of the edge functions of the models. In 

particular, this can be achieved by reusing the values 

of parts of the expressions of the edge functions 
across different auxiliary models. 
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АНОТАЦІЯ 

Актуальність. Оцінка показників надійності відмовостійких багатопроцесорних систем є важливою задачею, зокрема 
під час їх аналізу та проєктування. Для її розв’язання можуть використовуватися GL-моделі поведінки систем у потоці 
відмов. При цьому для систем із міжпідсистемним резервуванням такі моделі повинні враховувати можливість використання 
процесорів підсистеми-донора як у роботоздатному стані цієї підсистеми, так і після втрати нею роботоздатності. Існуючі 
підходи не забезпечують повного врахування таких режимів функціонування. Мета статті. Розроблення узагальненого 
методу побудови GL-моделей поведінки в потоці відмов відмовостійких багатопроцесорних систем із міжпідсистемним 
резервуванням. Завдання. Формалізувати принципи побудови GL-моделей підсистеми-донора з урахуванням різних 

режимів використання її процесорів, розробити алгоритм реалізації запропонованого методу та провести експериментальну 
перевірку коректності побудованих моделей. Методи. Використано апарат GL-моделей, методи побудови базових і 
допоміжних GL-моделей, формування розширених векторів стану та аналізу зв’язності графів моделей. Наукова новизна. 
Запропоновано узагальнений метод побудови GL-моделей для відмовостійких багатопроцесорних систем із 
міжпідсистемним використанням резервних процесорів, який, на відміну від відомих підходів, враховує можливість 
використання процесорів підсистеми-донора як у разі збереження її роботоздатності, так і після втрати нею роботоздатності, 
коли роботоздатні процесори підсистеми можуть використовуватися для підтримання інших підсистем. Практична 

значимість. Запропонований метод може використовуватися для побудови GL-моделей складних відмовостійких 
багатопроцесорних систем та подальшої оцінки їх показників надійності. Результати. Розроблено метод і алгоритм 

побудови GL-моделей систем із міжпідсистемним резервуванням. Запропонований підхід ґрунтується на побудові 
допоміжних моделей, що описують набори резервних і роботоздатних процесорів підсистеми-донора, та формуванні 
розширених векторів стану для побудови моделей підсистем-реципієнтів. Розглянуто характерні приклади для систем з 
обмеженням кількості резервних ресурсів і систем із ковзним резервуванням. Проведені експериментальні дослідження 
підтвердили коректність побудованих моделей. Показано, що складність виразів реберних функцій отриманих GL-моделей є 
зіставною зі складністю відповідних базових моделей з еквівалентними параметрами відмовостійкості. Висновки. 
Запропонований метод забезпечує формальний опис міжпідсистемного резервування в GL-моделях та може бути 
інтегрований з іншими підходами до побудови моделей поведінки відмовостійких багатопроцесорних систем у потоці 

відмов. Результати експериментальних досліджень підтверджують коректність методу та доцільність його застосування в 
процесі аналізу й проєктування складних відмовостійких багатопроцесорних систем. 

Ключові слова: відмовостійкі багатопроцесорні системи; GL-моделі; міжпідсистемне резервування; аналіз надійності; 
поведінка в потоці відмов; резервні ресурси 
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